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Feedback Control of Space Robot Attitude
by Cyclic Arm Motion

Katsuhiko Yamada¤ and Shoji Yoshikawa†

Mitsubishi Electric Corporation, Amagasaki, Hyogo 661, Japan

A method of controlling the attitude of a space robot using its arm motion is considered. The proposed method
can make a large attitude change by the cyclic motion of the arm. First the arm path is planned based on the small
attitude change when the arm moves along a closed path. Then the path is modi� ed by feeding back the attitude
error during the arm motion. Numerical simulations have been executed to verify the feedback law using a space
robot model with an arm with six degrees of freedom.

Nomenclature
E(w) = Euler parameters whose vector part is a very

small vector w
Im = m £ m unit matrix
N = total number of arm rotations
n = arm degrees of freedom
S(²) = scalar part of Euler parameters ²
Uk = coordinates transformationmatrix from body

coordinates to inertial coordinates at the end
of the kth rotation of arm

V (²) = vector part of Euler parameters ²
² = Euler parameters that express attitude of satellite-�xed

coordinates (body coordinates) with respect to inertial
coordinates

²k = values of ² at the end of the kth rotation of arm
O²k = desired values of ²k

Q²k = Euler parameters that express differences between
O²k and ²k ; ²C

k O²k

²0 = initial values of ²
h i = relative rotation angle of joint i
! = angular velocity of body coordinateswith respect to

inertial coordinates

Introduction

R OBOTS working in space have been actively studied in recent
years.1¡7 A free-� ying space robot differs from a robot � xed

on the ground because the satellite body is moved by the motion
of the manipulator arm. We discuss the possibility of the attitude
control of a space robot using its arm motion.

Several methods have been proposed for this kind of control.3¡8

Changing the satellite attitude gradually by repeating the arm rota-
tions has attracted a lot of interest because it can generate a large
attitude change.5¡8 In this paper, the attitude control of a satellite by
repeated arm rotations is also considered.Previous methods for this
kind of control are related to the path planning of the arm under the
assumption that the space robot model is exactly known. However,
these methods have not mentioned how to converge the attitude er-
ror that occurs during the arm motion along the path when model
errors or disturbances exist.

We propose here a method of modifying the arm path by feeding
back the attitude error between the actual attitude and its desired
value at the end of each rotation of the arm. The proposed method
� rst plans the arm path based on predictions of a small attitude
change when the arm moves along a closed path in body coordi-
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nates. Then it modi� es the path by feeding back the attitude error
between the actual attitude and its desired value at the end of each
rotation of the arm. This method has the advantage of obtaining
the desired attitude change with simple calculations even when the
spacerobotmodel is not exactlyknown.Numericalsimulationshave
been executed to verify the feedback law using a space robot model
with an arm with six degrees of freedom.

Path Planning of Arm
Attitude Change of Satellite by One Rotation of Arm

For a space robot with an arm composed of rotational joints, we
number each joint from 1 to n from the shoulder to the hand. It is
assumed that no external force is exerted on the space robot during
the arm motion and that the total angular momentum of the space
robot is conservedat zero. We consider a case where a large attitude
change of the space robot is obtained by plural rotations of the arm.
First a change of the Euler parameters by one small arm rotation is
derived.4 The space robot attitude ² is related to its angular velocity
! as

P² D 1
2
K (!)² (1)

where K (!) is shown in Eq. (A7)in theAppendix.9 Note thatvectors
are expressed in inertial coordinates unless otherwise speci� ed; a
dot over vectors or Euler parameters indicates the time derivativeof
each component. As the total angularmomentum of the space robot
is conserved at zero, the angular velocity of the satellite body ! is
expressed by using the joint rotation rate Ph i (i D 1, . . . , n) as

! D ¡
nX

i D 1

xi
Ph i (2)

where xi (i D 1, . . . , n) is a 3 £ 1 vector composedof the mass and
the moments of inertia of the arm and the satellite body.4

Next the satellite’s attitude change by a very small rotation of the
arm is calculated from these relations. When each joint of the arm
moves from an initial posture to the same posture along a closed
path, we can express the attitude change D ² (change of ²) as

D ² D ¡1
2

nX

i D 1

Z
K (xi )² d h i (3)

where the integration is linear integral along the joint path. Here-
after, the differentialforms are introducedto make the mathematical
treatment easy. Let us de� ne the region bounded by the closed path
as C and its boundary as ¶ C . When the arm motion is in� nitely
small, the attitude change is expressed by the theorem of exterior
derivative10 as

D ² D
Z

¶ C

\ D
Z

C

d\ (4)
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where \ is the following differential 1-form:

\ D 1

2
K (¾)², ¾ D ¡

nX

i D 1

xi d h i (5)

and d denotes the exterior derivative. From the law of the exterior
derivative, we can calculate d \ in Eq. (4) as follows:

d\ D 1
2
K (d¾)² ¡ 1

2
K (¾) ^ d² (6)

where ^ designates the exterior product between differentialforms.
To calculate the right-hand side of Eq. (6), the following relations
for the solutions of Eqs. (1) and (2) are used:

dxi D
nX

j D 1

¶ xi

¶ h j
C xi £ x j d h j , d² D \ (7)

The � rst equation of Eq. (7) is obtained from the time derivativeof
vector xi in the inertial coordinates,

Pxi D
nX

j D 1

¶ xi

¶ h j

Ph j C ! £ xi (8)

The symbol ¶ xi / ¶ h j is the partial differential of xi by h j when h j

and ² are regarded as independent.
Substituting Eq. (7) into Eq. (6) yields

D ² D
nX

i D 1

nX

j D 1

Z

C

K (vi j )² d h i ^ d h j (9)

where vi j is the vector

vi j D 1
4

¶ xi

¶ h j
¡

¶ x j

¶ h i
C xi £ x j (10)

and the following identities are used:

d h i ^ d h j D ¡d h j ^ d h i

(11)
nX

i D 1

nX

j D 1

vi j d h i ^ d h j D 1

2

nX

i D 1

nX

j D 1

(vi j ¡ v ji ) d h i ^ d h j

Becausethe right-handsideofEq. (9) is a 2-form,we can integrate
it and evaluate D ² when the joint angles move along a closed path
within the space of two variables. If only one variable is used to
express the joint angle h i , the 2-form in a one-dimensional space
becomes 0 and an attitude change does not occur. However, this
evaluation is limited to cases of a very small closed path because
the right-hand side of Eq. (9) varies with the satellite attitude. We
will consider the case where the joint angle h i is expressed by the
two variables p1 and p2 as

h i D ai p1 C bi p2 C ci (12)

Then d h i becomes

d h i D ai dp1 C bi dp2 (13)

Substituting Eq. (13) into Eq. (9), we obtain

D ² D K (aT Db)² (14)

where a and b are the vectors

a D [a1 a2 ¢ ¢ ¢ an]T , b D [b1 b2 ¢ ¢ ¢ bn ]T

and D is a matrix whose (i, j ) component is the vector

Di j D 2vi j

Z

C

dp1 ^ dp2 (15)

As Eq. (4) holds true for an in� nitely small C , vi j is put out of the
integral in Eq. (15). The right-hand side of Eq. (14) is calculated as
if Di j were a component of the matrix D. From Eq. (14), the vectors
a and b, which give the desired attitude change, can be calculated.
For example, an algorithmfor a solution that minimizes aT a C bT b
has been given.4

Attitude Change by Plural Rotations of Arm
Next we will considerthe attitudechangeby repeatingsmall rota-

tions of the arm. From Eq. (14), the Euler parameters ²k C 1 become

²k C 1 D ²k C K (aT Db)²k D I4 C K (aT Db) ²k (16)

Because the change of the Euler parameters is very small
(kaT Dbk ¿ 1), the right-hand side of Eq. (16) can be regarded
as the product of the Euler parameters whose vector part is aT Db
and the Euler parameters ²k . Thus, Eq. (16) can be expressed as

²k C 1 D E(aT Db)²k (17)

Using Eq. (A4) from the Appendix, Eq. (17) is transformed as fol-
lows:

²k C 1 D ²k ²C
k E(aT Db)²k D ²k° , ° ´ ²C

k E (aT Db)²k (18)

From Eq. (18), ° D ²C
k ²k C 1 , which means ° are the Euler parame-

ters expressing the attitude change from ²k to ²k C 1. The vector part
V (°) is calculated from the de� nition of ° as

V (°) D UT
k (aT Db) (19)

This relation is easily obtained by Eqs. (A2) and (A5) of the Ap-
pendix.Because the vector vi j in Eq. (15) is expressed in the inertial
coordinates, the term aT Db is also expressed in the inertial coordi-
nates. Multiplying aT Db by UT

k expresses aT Db in the body coor-
dinates. If the vector vi j is expressed in the body coordinates, the
value of each componentdependsonly on the joint angles, and each
component of vi j expressed in the body coordinates becomes the
same at the beginningof each rotation.When vectorvi j is expressed
in the body coordinates,let matrix D be denotedby Db , and Eq. (19)
becomes

V (°) D aT Dbb (20)

If the change of the Euler parameters is set equal at each rotation,
° also becomes constant. Therefore, the desired attitude after N
rotations becomes

²N D ²0°
N (21)

Let ° be replaced by unit vector e and angle w as

° D
e sin( w / 2)

cos( w / 2)
(22)

and the following relation holds:

°N D
e sin(N w / 2)

cos(N w / 2)
(23)

Thus, ° can be easily obtained from ²C
0 ²N , and by setting a and b

to satisfy Eq. (20), we can determine the arm rotation path.

Setting Variables p1 and p2

When the variables p1 and p2 are set to form a closed path on
a parameter plane, vectors a and b can be obtained from Eq. (20)
according to the initial posture of the arm. Thus N rotations of the
arm are realized from Eq. (12) when the variables p1 and p2 move
along the closed path N times. Though the time history of variables
p1 and p2 on the path does not affect the � nal attitude change of
the space robot, the movement of p1 and p2 should preferably be
smooth on the closed path for a smooth arm motion.

Here we will set the closed path to move from the origin in the
p1 p2 plane and set the time history of p1 and p2 as follows. The
variables p1 and p2 are set to move counterclockwise on a unit
circle with the center (¡1, 0) (as shown in Fig. 1). In this case, the
integration value of Eq. (15) becomes the area of the unit circle, p .
The values of p1 and p2 at angle v become

p1 D ¡1 C cos v , p2 D sin v (24)

Note that v is used for the linear integrationand p1 and p2 are used
for the area integration of Eq. (4).
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Fig. 1 Motion in p1p2 parameter plane.

When the arm rotates N times, we will � rst set Pv to increase from
0 with the constant accelerationin the � rst rotation, then to maintain
a constant velocity from the second to the (N ¡ 1)th rotation, and
� nally to decreaseto 0 with constantdecelerationin the last rotation.
If the time for each rotationfrom the secondto the (N ¡1)th rotation
is T , then the time for the � rst and the last rotations is 2T . The angle
v at time t will be as follows:

v (t ) D
p t2

2T 2
, 0 · t < 2T

v (t ) D 2 p (t ¡ T )
T

, 2T · t < N T (25)

v (t) D 2 p (t ¡ T )
T

¡
p (t ¡ N T )2

2T 2
, N T · t · (N C 2)T

Although the movement of the variables p1 and p2 is not limited to
the case in Eq. (25), this is used in the numerical simulations to be
described.

Feedback Control of Satellite Attitude
Basic Form of Feedback Control

As already described, the vectors a and b are obtained by setting
the variables p1 and p2 to form a closed path in a two-dimensional
space. Then the joint angles h i (i D 1, . . . , n) are determined ac-
cording to Eq. (12). Therefore, the arm rotation is generated by the
vectors a and b. However, the desired attitude change is not exactly
obtained by repeating the arm rotations N times. The reasons are as
follows. First, Eq. (20) is basedon an in� nitesimal rotation,whereas
an actual rotation is � nite. The difference causes an attitude error.
Second, the mass property of the space robot model cannot be iden-
tical with that of theactual space robot,which also causesan attitude
error.

Here we will consider a method of converging the attitude error
by feedback control during repeated arm rotations based on the
solutionsof Eq. (20). The proposed method is to correct the vectors
a and b from the error between the attitudeat the end of each rotation
and its desired value.

Let us assume that the desired attitude change O²N is given and
that the vectors a and b are obtained to satisfy ° in Eq. (21). These
vectors, a and b, are replaced by their initial values a0 and b0 , res-
pectively. The following equation holds from Eq. (20):

° D E(´0), ´0 ´ aT
0 Dbb0 (26)

Vector ´0 is expressed in the bodycoordinatesbecauseDb is used in
Eq. (26). The desiredattitudechange O²k at the end of the kth rotation
is obtained as

O²k D ²0°
k (27)

Considering the actual attitude change from the end of the kth ro-
tation to the end of the (k C 1)th rotation, we express the satellite
attitude ²k C 1 by Eq. (18) with an additional term as

²k C 1 D ²k E(´k C dk ), ´k ´ aT
k Dbbk (28)

In this equation,vectors a and b at the end of the kth rotationare re-
placed by ak and bk , respectively,which do not necessarilycoincide
with the initial values a0 and b0 . Vector dk is a very small vector
expressed in the body coordinates, which describes the difference
between the actual attitudechangeand ´k . As is clear from Eq. (27),
O²k C 1 can be expressed as follows:

O²k C 1 D O²k E(´0) (29)

We can de� ne the attitude error Q²k at the end of the kth rotation as
the Euler parameters from O²k to ²k , that is,

Q²k D ²C
k O²k (30)

Using Eqs. (28) and (29), Q²k C 1 can be expressed as

Q²k C 1 D ²C
k C 1 O²k C 1 D E C(´k C dk )Q²k E(´0) (31)

Furthermore, the following assumptions are made.
1) Let vectors ak and bk be replaced by

ak D a0 C d ak , bk D b0 C d bk (32)

The vectors d ak and d bk are then very small, and their second-order
terms or higher can be neglected.

2) The vectors ´0 , ´k , and dk are very small, and the following
holds:

EC(´k C dk )E (´0) ¼ EC(´k C dk ¡ ´0) (33)

Based on these assumptions, Q²k C 1 can be expressed as follows:

Q²k C 1 D EC(´k C dk )E (´0)E C(´0) Q²k E(´0)

¼ EC d aT
k Dbb0 C aT

0 Db d bk C dk EC(´0) Q²k E(´0) (34)

where the term E C(´0) Q²k E(´0) representsthe coordinatestransfor-
mation of the vector part of Q²k , as shown in Eq. (19). We can de� ne
the coordinates transformation matrix from O²k to O²k C 1 as U° , and
the following equation holds:

E C(´0) Q²k E (´0) D E [U° V ( Q²k)] (35)

If uk is set as

uk D d aT
k Dbb0 C aT

0 Db d bk (36)

the following equation for the vector part of Q²k C 1 holds from
Eqs. (34) and (35):

V ( Q²k C 1) ¼ U° V (Q²k) ¡ (uk Cdk ) £U° V ( Q²k ) ¡ S( Q²k )(uk Cdk)
(37)

In Eq. (37), we will assume that V ( Q²k ) is very small. If the second-
order or higher terms of very small quantities are omitted, Eq. (37)
can be simpli� ed as follows:

V (Q²k C 1) ¼ V ( Q²k) ¡ (uk C dk ) (38)

As dk is expressed in the body coordinates, this vector can be re-
garded as constantwhen the arm movements in each rotationare the
same. Therefore, the proportional and integral control is adequate
for uk to reduce V ( Q²k ). On the other hand, the following equation
holds from Eq. (38):

dk ¡ 1 ¼ V ( Q²k ¡ 1) ¡ V ( Q²k) ¡ uk ¡ 1 (39)

Thus, the estimated values of dk can be replaced by Odk :

Odk D V ( Q²k ¡ 1) ¡ V ( Q²k ) ¡ uk ¡ 1 (40)

Thus, uk can be set as follows:

uk D kP V ( Q²k ) C k I

kX

j D 1

V ( Q² j ) ¡ kF
Odk (41)
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where kP , k I , and kF are the proportionalgain, the integralgain, and
the gain to compensatethe error dk , respectively.The stabilityof the
systemcomposedofEqs. (38), (40), and (41)can be examinedby the
z transformation.The characteristicequationof the system becomes

z z2 C (kP C k I ¡ 2)z C 1 ¡ kP D 0 k I 6D 0
(42)

z C kP ¡ 1 D 0 k I D 0

The stability condition of the system is obtained by checking the
condition of jzj < 1 as

kP > 0, k I ¸ 0, 2kP C k I < 4 (43)

Although the gain kF has no relation to the stability, it is desirable
to set kF to approximately1 because this is used for the feedforward
compensation of the attitude error. Using uk in Eq. (41), d a and d b
can be given from Eq. (36) as follows:

d ak

d bk
D ¡bT

0 Db aT
0 Db

#
uk (44)

where # designates a pseudoinversematrix and the skew-symmetry
of Db is used. As the values of a0, b0 , and Db are constant, the right-
hand side of Eq. (44) means the multiplication of uk by a constant
matrix,which gives this method the advantageof small calculations.
When d ak and d bk are given from Eq. (44), ak and bk at the kth rota-
tion can be set from Eq. (32). This is the basic form of the feedback
control.

Making a and b Continuous
Setting the values of a and b at the (k C 1)th rotation as ak and

bk , respectively,we can obtain the arm joint angles h i from Eq. (12).
We will consider here the continuity of the commanded values of
the arm joint angles. The arm rotations are realized by the rotations
of variables p1 and p2 in the two-dimensional space. If the rotation
of p1 and p2 begins at the origin, the continuityof the joint angles is
maintained even though the values of a and b are different between
the kth rotation and the (k C 1)th rotation. However, the joint rates
become discontinuousunless Pp1 and Pp2 are both zero at the begin-
ning of each rotation. Therefore, it is necessary to make the joint
rates zero at the beginningof each rotation.To avoid this constraint,
we will give a and b as follows:

a

b
D 1

1 C t s

a0 C d a

b0 C d b
(45)

where s is a differentiation operator and d a and d b are set by d ak

and d bk from Eq. (44), respectively,at the beginningof the (k C1)th
rotation. Equation (45) means that the values of a0 C d a and b0 C d b
are made smooth by a low-pass � lter with a time constant t . When
the values of a and b become continuousby the � lter, both the joint
angles and joint rates also become continuous as the arm rotation
starts at the originof the p1 p2 plane. It is best to set the time constant
t much shorter than one rotation time of the arm and much longer
than the time constant of the joint servocontrol.

Numerical Simulations
Numerical simulations of the attitude control of a space robot

by its arm motion have been executed using the algorithm just de-
scribed. Figure 2 shows a space robot model. An arm with six de-
grees of freedom is attached to the satellite at [0.0, 1.0, 0.5] m from
its center of mass. The main parameters are shown in Table 1.

The initial joint angles h i (i D 1»6) of the arm are [0, 60, ¡60, 0,
¡30, 0] deg, where all of the jointangles are 0 deg at the arm posture
shown in Fig. 2. At the initial condition, the inertial coordinatesare
assumed to coincide with the body coordinates, which is expressed
as xyz in Fig. 2.

The vectors a0 and b0 are given by the method in Ref. 4. We will
focus here on the case where the satellite attitude is changed by 40
deg around the y axis of the inertial coordinatesby 20 arm rotations
(N D 20). Therefore, vectors a0 and b0 � tting the rotation of 2 deg
around the y axis must be obtained from Eq. (23).

Table 1 Space robot parameters (nominal)

Manipulator arm

Satellite L1 L2 L3 L4 L5 L6

Length, m v 2.4 £ 1 0.2 1 0.5 0.5 0.1 0.2
Mass, kg 500 10 30 20 20 10 20
Moments 100 0.1 0.2 0.2 0.2 0.1 0.1

of inertia, 100 0.1 3 0.5 0.5 0.1 0.1
kgm2 100 0.1 3 0.5 0.5 0.1 0.1

Table 2 Comparison of � nal attitude
with various numbers of rotations N

N V (²N )

20 0.0564 0.2982 ¡0.0405
40 0.0393 0.3196 ¡0.0206
80 0.0276 0.3307 ¡0.0104

Fig. 2 Space robot model.

The dif� culty of attitude control by an arm depends on the mass
ratio of the arm and the satellite, the arm degrees of freedom, the
initial arm posture, and the desired direction of the attitude change.
All of theseare re� ected in the magnitudeof vectorsa0 and b0, which
is a suitable measure of the dif� culty. Because the characteristic
ka0k D kb0k holds for the method in Ref. 4, ka0k is the magnitude
of the arm motion. If this value is too large, we have to increase
the number of rotations N . When V (°) is very small, V (°) is in
inverse proportion to N . Then the values of ka0k and kb0k also
decrease inversely as the square root of N from Eq. (20). In this
example, ka0k D kb0k is 0.4697 when N equals 20.

The values of a0 and b0 are set from the nominalvalues of param-
eters shown in Table 1, whereas in the simulations the mass of the
arm tip (L6 mass) is set for three cases: 10, 20 (nominal value), and
40 kg.The controlgains are set for two cases:kP D 0.5, k I D 0.1, and
kF D 0.5 (with feedback) and kP D 0, k I D 0, and kF D 0 (without
feedback).

The � nal satellite attitudes at the end of the N th rotation with the
values of V (²N ) in the case of T D 5 s and t D 1 s are shown
in Fig. 3. Thus, the values of V ( O²N ) [the desired values of V (²N )]
become

V ( O²N ) D [0 sin(40/ 2) 0]T D [0 0.3420 0]T (46)

The values of V (²N ) in Fig. 3 indicate the x , y, and z components
from the top. As shown in Fig. 3, without feedback control, an
attitude error occurs even when the tip mass is the nominal value.
This is because Eq. (14) is an approximation for an in� nitely small
arm motion. For reference, Table 2 shows the � nal attitude without
feedback control when N equals 20, 40, and 80. The attitude error
decreases as N increases because the arm motion becomes smaller.
Figure 3 also shows that the error becomes larger as the tip mass
deviates farther from the nominal one. On the other hand, the � nal
satellite attitude converges to the desired value for all cases with
feedback control.

Figures 4 and 5 show the motion of the satellite attitude and
that of the joint angles when the tip mass is the nominal value
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Without feedback control (kP = 0, kI = 0, kF = 0)

With feedback control (kP = 0.5, kI = 0.1, kF = 0.5)

Fig. 3 Final attitude of space robot with/without feedback control;
N = 20, m: tip mass.

Fig. 4 Euler parameters and joint angles without feedback control.

Fig. 5 Euler parameters and joint angles with feedback control.

without feedback control and with feedback control, respectively.
The motion of the satellite attitude is shown by the components of
V (²) (e x , e y , e z ), whereas those of V ( O²k ) (Oe x , Oe y , Oe z ) are also shown
for reference.With feedback control the components of V (²) move
almost along the desired values, whereas without feedback control
the error is noticeable.The joint angles are shown for h 1 , h 2, h 3 , and
h 5, whichchangea lot. In case of feedbackcontrol,the movementsof
the joint angles are not always the same in each rotationbecause the
values of a and b change, particularly at the beginning.From these
results, it is obvious that feedback control is effective in decreasing
the attitude error.

Conclusion
Focusingon the attitudecontrolproblemof a space robot using its

arm rotations,we proposeda methodof decreasingthe attitude error
by using feedback control. The method used derives an arm path to
approximate the desired attitude change by plural rotations of the
arm and then modi� es it by feeding back the attitude error at the
end of each rotation. We can use this method to obtain the desired
attitude change even when modeling errors exist in the space robot
model.When theangularmomentumof the spacerobot is conserved
at a nonzero value, the attitude change depends on the arm motion
speed.7 Thus, the problem of the remaining angular momentum is
beyond the scope of this paper’s method and is left for future work.

Appendix: Euler Parameters
Euler parameters9 are a kind of quaternion composed of a scalar

part and a three-dimensional vector part and are used to express
attitude. We assume here that the directions of a coordinate system
A coincide with those of a coordinate system B after rotating the
coordinate system A by an angle w around a unit vector e. Thus,
the Euler parameters ²B A that express the attitude of the coordinate
system B to the coordinate system A are expressed as

²B A D
e sin( w / 2)

cos( w / 2)
(A1)

where vector e is expressed in the coordinate system A or B (the
results are the same in both coordinate systems). Taking one more
coordinate system, C , we can express ²C A with ²B A and ²C B as

²C A D
S(²B A)I3 C V £(²B A) V (²B A)

¡V T (²B A) S(²B A)
²C B (A2)

where V £ and V T designate a 3 £ 3 matrix expressing a vector
productoperationof V anda transposeof V , respectively.Regarding
the operationof the right-handside of Eq. (A2) as a productbetween
two sets of Euler parameters, we abbreviate it as follows:

²C A D ²B A²C B (A3)

Euler parameters whose vector part has the opposite sign to that
of the original Euler parameters are expressed as the original Euler
parameters with a superscript C. The superscript C corresponds to
the reciprocalsof Euler parameters, that is,

²C
B A²B A D ²B A²C

B A D [0 0 0 1]T (A4)

where the right-hand side of Eq. (A4) is a unit element of the Euler
parameters.

A coordinates transformationmatrix UB A that transforms the ex-
pressionin thecoordinatesystem A into thatin thecoordinatesystem
B is expressed by Euler parameters ²B A as

UB A D S(²B A)2 ¡ V T (²B A)V (²B A) I3

C 2V (²B A)V T (²B A) ¡ 2S(²B A)V £(²B A) (A5)

Let the angularvelocityof the coordinatesystem B to the coordinate
system A be !B A , and let the expressionsof !B A in the coordinate
systems A be A! B A . Thus, the time derivative of Euler parameters
²B A has a relation with A!B A of

P²B A D 1
2

S(²B A)I3 ¡ V £(²B A)

¡V T (²B A)
A! B A (A6)

The 4 £ 4 matrix K (v) is de� ned with an arbitrary 3 £ 1 vector v as

K (v) D
v£ v

¡vT 0
(A7)

where v£ designates a 3 £ 3 matrix expressing a vector product
operation of v. Then Eq. (A6) can be changed into the following
form:

P²B A D 1
2
K A!B A ²B A (A8)



720 YAMADA AND YOSHIKAWA

For a very small 3 £ 1 vector w(kwk ¿ 1), it is expressed as Euler
parameters E(w), that is,

E(w) D
w

p
1 ¡ wT w

, E C(w) D
¡w

p
1 ¡ wT w

(A9)
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